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Hubble-Space-dlescope-Photof the centerof the Orion netula. Thefour bright
stars illuminate the nehula and reveal a very inhomaenousand star forming
surroundingmedium.Thecomettypeobjectsare so-calledYoungStellar Objects
(YSO).



A closeupview of a YoungStellarObjectilluminatedby a central star of theOrion
nehula.
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Introduction Radiative Transfer

Important for:

e spectral diagnostics

e coupling to hydrodynamics
("radiation-hydrodynamics”)

In astrophysics:

e radiation fields are specified by specific intensity

I — I(X7 n7v7t7 p)

e ] is determined by radiative transfer equation

A i+
/ 1
creation by
geometry,velocity “scattering” from

thermal pool



Monochromatic 3D Radiative Transfer

n-OxI(x,n) + (K(x)+0(x))I(x,n)

_ %:?/P(n’,n)l(x,n’) dw' = f(x),
f
iNnQCR

n)...specific intensity

X) ...absorption coefficient

X) ...scattering coefficient
f(x)...source function

n)...phase function

S...unit sphere in R®

n...unit vector on §

Boundary conditions:

I(x,n) =g(x,n) on I_={(x,n)el|nr-n<0}



For abbreviation we use the operator form of the ra-
diative transfer equation:

n-DxI+(K+o)[—%/P(n’,n)[(x,n’)dw’:leI: f
&

Unpleasant features when treating numerically:

e high dimension (5D)
e K and o vary strongly in space (steep gradients)

e ill-conditioned transport matrix for scattering dom-
inated problems and large optical depth 1= [ x(x)ds=

J(K(X)+0o(x))ds

Make the use of
—> | supercomputers
Indispensable




Example:

- using a reasonable resolution in space h=

- 1000ray directions (ordinates)

—> 10 unknown for 3D geometry

Conclusions:

application of efficient error
estimation and grid adaption

parallelization strategies is
necessary to obtain reliable

techniques
in combination with

guantitative results

_1
1000



Finite Element Method (FEM)

e natural space for finding solutions of the monochro-
matic RTE:

W={IeLl(QxS)|nOJeL¥(QxS)}

e usually we use homogeneous vacuum bound-
ary conditions (i.e. g(x,n) = 0)

— Wy={IeW|I=0onTl_}

e weak formulation: Find I € Wy, such that
Vd) e W

//f & (x,n) dewd® =
//n Oy (X, n)d (X, n) dwd3x

(K(X) + (X)) I(x,n)d(x,n) dwd>x

a(x)P(n',n) I(x,n")d(x,n) dwy d wd>x



e extending the definition of the L?-scalar product

(1,0) = (I,0)axs = [ [ 16 dwd™
Q<

— (AI1,0) =(f,0) Vo eW

e stabilization via streamline diffusion modification

(A1,048n-0x0) = (f,0+3n-Txd) V€W,

¢ the discrete analogue

(A, On) = (f,0n)| VoneW.

e ordinate discretization;
—on £ we use fixed discretization based on
refined icosahedron

— constant trialfunctions (seven-dimensional in-
tegration)

— second order accurate due to superconver-
gence

e spatial discretization

— locally refined hexahedral mesh
— continous piecewise trilinear trialfunctions



Error Estimation and Adaptivity

Aim;:

e compare simulations quantitatively with obser-
vations

e application of grid adaption technique based on
local error indicators

Construction of an a posteriori error estimator:

e suppose, z(x,n) is the solution of the dual prob-
lem

M) = (9,42 VéeW (1)

e dual radiative transfer operator is defined by
A*z(x,n) = —n-0xz(x,n) + (K(X) + a(x)) z(x,n)
—o(X) /82 P(N,n)z(x, ") dof

boundary condition:

I=0 on T,.={(xn)el]|n-n>0}

o M(I)—M(Iy) = M(I— 1) =M(e) is a linear
functional corresponding to the measured quan-
tity



Error representation:

Me = (eAa%2)

= (A4e2)

= (4ez—1z)

— Z (f —Al,z—1z), forarbitrary z € W,
KeTh

e using the Galerkin orthogonality
(A1 —Al¢n) =0  VoneW,

e apply Holder’s inequality and standard approxi-
mation estimates of finite element spaces to ob-
tain the estimate

M(e) <n= Z Nk
KeTy,
Nk = Ckhi||f — A k|| [|0°Z |«

Examples of error functionals:

o L2-error: M (9) =l " (e,0) — M (e) = |lel]
e point error: M (d) = d(Xo,No) = M (€) = e(Xo, No)

e flux error:

M($) = /q)(xanobs)nl"nobsdx

robs
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Angular distribution of the specificintensity 7(xp,}) leaving the slab from a

boundarypointxg for large opticaldepthst = 10°, 10° andalbedoy = 0.98 (right)
andthecorrespondindocally refinedgrid (left).

FE FD
DUAL L2 GLOBAL GLOBAL
vertices value vertices value vertices value vertices value
125 0.427 125 0.427 125 0.427 35937 0.576
501 0.596 579 0.525 729 0.591 274625 0.616

2213 0.661 2474 0.640 4913 0.642 2146689 0.642
8103 0.672 10935 0.662 35937 0.661
14953 0.674 86903 0.669 274625 0.669

Quantitativeanalysisof the specificintensity I(xp,np) leavingthe slab from a
boundarypointxg in a particular directionng = 0.705for two adaptivelyrefined

(L2,DUAL) and an unstructued grid (GLOBAL). The optical depth and the
albedois T = 20andy = 0.8, respectively



1=04

FE FD
# processors 1 2 4 8 16 1
memory[MB] 319 167 90 52 33 13
CPUtime[s] 846.5 371.8 121.4 56.2 48.2 1275.0

1=20

FE FD
# processors 1 2 4 8 16 1
memory[MB] 196 99.6 522 287 151 99
CPUtime|s] 3167.2 1364.2 428.7 207.1 136.1 9878.9

Comparisorof thememoryand CPU requirement®of thethree-dimensionatodes
for modelingan optical thick and an optical thin plan-pallel layer Thealbedo
is y = 0.80 in both cases. The FE methodemploysthe DUAL grid refinement
strategy. Thefinal grid has670and 4263 verticesfor the optical thin and thick
case respectively TheFD codeusesa structured grid (GLOBAL) with 65° ver-
ticesfor T = 0.4 and 129 verticesfor T = 20. In thelatter case the resolutionof
thespatialgrid is too low to obtaina solutionasaccurate asfor the FE code



Simulation and Visualization of a

Young Stellar Object (YSO)
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Theleft row showsthree Hubble-Space-d@lescopgyhotosof YSOsbeingillumi-
natedby the central stars of the Orion nelula. Theright row displaysthe visual-

izationof a simulated3D radiationfield of anilluminatedY SOfromthreedifferent
viewing angles.



Polychromatic 3D Line Transfer

(T + D+ S +X(x,V)) I(x,n,v) = f(x,V)

The transfer operator 7, the “Doppler” operator D,
and the scattering operator § are defined by

TI(X,n,v) = n-I(X,n,V)

DI(X,n,v) = W(x,n)va%l(x,n,v)

SI(XN,Y) = —%’?/Om/SzR(ﬁ,o;n,v)z(x,ﬁ,\?)dcbdo
I(x,n,v) ... invariant intensity
w(x,n) ... gradient of velocity field
in direction n
R(A,v;n,v) ... redistribution function
X(X,v) = K(X,v) +0(X,v) ... opacity
K(X,v) = K(X)®P(v) ... absorption coefficient
o(x,v) = ao(x)®d(v) ... scattering coefficient
®(v) ... normalized line profile function



Physical Assumptions

e Doppler profile function:

o) = \/_T;VD =P [_ (VA;zcﬂ

e sSource term:

f(x,v) = K(X,V)B(T(X),v) +&(X,V)

e gradient of the Velocity field v(x) in direction n:

w(X,n) = —n- Oy (nm>

C

e using an angle-averaged redistribution function

~ 1 A~ -
R(V,v) = (4n)2/$32/532R(x,n,v;n,v)dmdoo,

we rewrite the scattering operator

- [0 1 a0
= 40 X,N,v)dwdv

Examples of angle-averaged redistribution func-
tions:

(a) coherent scattering
R(V,v) = ®(V)d(v —V)

(b) complete redistribution



Boundary Conditions:

I(X,n,V) = IondX,N,V) on I =Q xS x oA

I(x,n,v) = g(x,n,v) on I xA={I(x,n,v) €| nr-n<0}

For the modelling of prominent resonance lines we
restrict the frequency space to a finite intervall:

N\ ‘= [Viower; Vuppey

Discretization:

discontinous Galerkin method (DG(0)) for additional
frequency derivative

01 Li— 1 _

W(x,n)vW — Wi (w; > 0)
and

0l I — I

W(x,n)va—v — W I+Zv ' (w; < 0)
implicite Euler-technique for N
equidistantly distributed frequency
—

points
Vi € {Viower = V1,V2, ..., UN = Vupper} C A\




e seperating the unknown quantities ; from the
known quantities I;, the semi-discrete scatter-
ing operator reads

9i g, / hdo+ O S o, / 1(%,A,v;)dé
an IqISZI 4_’_[; jqjsz , 1,V .

e semi-discrete formulation of the line transfer prob-
lem for each frequency point v;

~

ﬂicrd I = fi
i (2)
Wvi

~ o N . .
(/,ZlimonO_f_—AV )[, = fi+ﬁ§¢ijLI(X,n,Vj)dw,
IE4
where

/qimono — T"‘Xi +¢iQi500h

4

Wy { 1 (W>0)

=AUk (W< 0)

e total discrete system has the matrix form:

Al Ri+Q2; Qs ... QN\ /|1\ (fl\
B, + Q1 A(Z:rd Ro+Q3z -, P
Ql : . —

. B W B




Full Solution Algorithm:

1. Start with I; = O for all frequencies v
2. Solve Eq. (2) fori=1,..,N

3. use solution as start value for the next solution
step (Block-Gauss-Seidel)

4. Repeat step 2 and 3 until convergence is reached

5. Refine grid and repeat step 2—4

Pro:

e Block-Gauss-Seidel technique al-
lows for very good resolution in
the spatial, ordinate and the fre-
guency domain

Contra.

e fix point iteration

e ill-conditioned transport matrix for
dominant scattering (o(x,v) > 1)
and large optical depths

e error indicator is not sharp
(Nk = maxnNk (Vi)|v;))



b)
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c) d)

0.02-
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Lya line profilescalculatedwith the FE codefor a sphericallysymmetrianodel
configuation: a) a static halo with coheentscattering b) aninfalling halo with
coheent scattering c) a static halo with completeredistribution, and d) an in-
falling halo with completeredistritution. For the static casesa) and c¢) theline
stylesreferto calculationswith differentoptical deptht asindicated. Thesmall
windowin a) enlamgesthe peakof the line. Thecrossesmark the resultsof the
analyticalsolution. For themoving haloswe showin b) theresultsfor T = 1 (thin
lines)andt = 10 (thick lines)andin d) only for T = 10. Here, theline stylesrefer
to theexponent usedfor thevelocityfields.



